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ALGEBRAIC STRUCTURES OF GROUPS OF BIRATIONAL
TRANSFORMATIONS
JE´RE´MY BLANC
Abstract. A priori, the set of birational transformations of an algebraic va-
riety is just a group. We survey the possible algebraic structures that we may
add to it, using in particular parametrised family of birational transformations.
1. Introduction
Let X be an algebraic variety defined over an algebraically closed field k. We
denote by Bir(X) the group of birational transformations of X , and by Aut(X) its
subgroup of automorphisms (biregular morphisms).
If X is projective, it is known that Aut(X) has a natural structure of group
scheme, maybe with infinitely many components ([Mat1958], see also [MO1967,
Han1987]). In particular, it is a scheme of finite dimension.
This is false in general for Bir(X), which can be much larger. In this note, we
give a survey on the following question:
What kind of algebraic structure can we put on Bir(X)?
As usual in algebraic geometry, even if one does not know the structure of Bir(X),
one can define what is a morphism A → Bir(X), where A is an algebraic variety,
or more generally a locally noetherian scheme (see §2.1). This corresponds to a
functor
(locally noetherian schemes)→ (Sets) ,
introduced by M. Demazure [Dem1970], which is unfortunately not representable
by a scheme, or more generally an ind-scheme, as we explain in §2.2. The functor
is representable for Aut(X), if X is projective, and gives the classical group scheme
structure explained before. It is also representable if X is affine, but by an ind-
algebraic group (see §2.2).
Even if we do not know what kind of structure one can put on Bir(X), the
morphisms introduced define a Zariski topology on Bir(X), as explained by J.-
P. Serre in [Ser2010]. We recall this topology in §2.3, and describe some of its
properties. We then finish Section 2 by recalling what is usually called algebraic
subgroup of Bir(X), and by explaining the relation with the topology and the
functors/morphisms defined.
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Section 3 consists in looking at a sub-functor of the above one, introduced by
M. Hanamura in [Han1987]. It corresponds to flat families of birational transfor-
mations, and has the advantage of being representable by a scheme (§3.1). The
structure is compatible with the composition and behaves quite well if the variety
X is not uniruled (§3.2). This is however not the case if X is a general algebraic
variety. We briefly describe the case where X = Pn in §3.3.
The author thanks Michel Brion and Jean-Philippe Furter for interesting discus-
sions during the preparation of the article.
2. Structures given by families of transformations
2.1. Functors BirX and AutX . In [Dem1970], M. Demazure introduced the fol-
lowing functor (that he called Psaut, for pseudo-automorphisms, the name he gave
to birational transformations):
Definition 2.1. Let X be an irreducible algebraic variety and A be a locally
noetherian scheme. We define
BirX(A) =


A-birational transformations of A×X inducing an
isomorphism U → V, where U, V are open subsets
of A×X, whose projections on A are surjective

 ,
AutX(A) =
{
A-automorphisms of A×X
}
= BirX(A) ∩Aut(A×X).
The above families were also introduced and studied before in [Ram1964], at
least for automorphisms. Definition 2.1 implicitly gives rise to the following notion
of families, or morphisms A→ Bir(X) (as in [Ser2010, Bla2010, BF2013, PR2013]):
Definition 2.2. Taking A,X as above, an element f ∈ BirX(A) and a k-point
a ∈ A(k), we obtain an element fa ∈ Bir(X) given by x 99K p2(f(a, x)), where
p2 : A×X → X is the second projection.
The map a 7→ fa represents a map from A (more precisely from the A(k)-points
of A) to Bir(X), and will be called a morphism from A to Bir(X).
Remark 2.3. We can similarly define morphisms A → Aut(X), and observe that
these are exactly the morphisms A→ Bir(X) having image in Aut(X).
Remark 2.4. If X,Y are two irreducible algebraic varieties and ψ : X 99K Y is a
birational map, the two functors BirX and BirY are isomorphic, via ψ. In other
words, morphisms A→ Bir(X) corresponds, via ψ, to morphisms A→ Bir(Y ).
If ψ is moreover an isomorphism, then it also induces an isomorphism between the
two functions AutX and AutY . Equivalently, morphisms A→ Aut(X) corresponds,
via ψ, to morphisms A→ Aut(Y ).
As we will see, the functor A→ BirX(A) is not representable by a scheme, if X
is a general algebraic variety (for example if X = P2).
Firstly, taking X = P2, one can construct very large families:
Example 2.5. For each m ≥ 1, the following Am-birational map of Am × P2
Am × P2 99K Am × P2
((a1, . . . , am), [x : y : z]) 7→
(
(a1, . . . , am),
[
xzm−1 : yzm−1 +
m∑
i=1
aix
izm−i : zm
])
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which restricts, on the open subset where z = 1, to the automorphism
Am × A2 → Am × A2
((a1, . . . , am), (x, y)) 7→
(
(a1, . . . , am),
(
x, y +
m∑
i=1
aix
i
))
yields injective morphisms Am → Bir(P2) and Am → Aut(A2), whose image con-
tains the identity.
Of course, the same kind of example generalises to Pn and An for any n ≥ 2.
It shows that neither Bir(P2) nor Aut(A2) can be endowed with the structure of
a locally noetherian scheme, compatible with the above families / morphisms, or
equivalently says that the functor BirP2 and AutA2 are not representable by a locally
noetherian scheme.
2.2. Ind-varieties and ind-groups. One way to avoid the problem of noetherian-
ity consists of studying ind-schemes, which are inductive limits of locally noetherian
schemes. One of the first articles in this direction is [Sha1966], which introduces the
notion of ”infinite dimensional algebraic varieties”, or simply ind-variety, as given
by a formal inductive limit of closed embeddings of algebraic varieties Xi →֒ Xi+1.
Definition 2.6. An ind-scheme (resp. ind-variety) is given by a countable union
(Xi)i∈N of schemes (resp. algebraic varieties) together with closed embeddingsXi →֒
Xi+1.
A morphism between two ind-schemes (Xi)i∈N and (Yi)i∈N is given by a collec-
tion of morphisms ρi : Xi → Yji , where {ji}i∈N is a sequence of indices, which is
compatible with the inclusions.
The aim of this construction was to study the groups Aut(An), which are ind-
algebraic varieties, as shown in [Sha1982]. The group structure being compatible,
the groups Aut(An) are then shown to be ind-algebraic groups (see again [Sha1982]),
even if the Xi are not subgroups. One can moreover observe that this structure
gives the representability of the functor AutAn by an ind-algebraic group [Bla2015,
Lemma 2.7].
More generally, for any affine algebraic variety X , the group Aut(X) can be
seen as an ind-group [KM2005]. This again gives the representability of the functor
AutX by an ind-algebraic group (see [KM2005, Theorem 3.3.3] or [FK2014]).
After having introduced this new category, the natural question to ask is wether
the functor BirX can always be represented by an ind-scheme. This what I.R.
Shafarevich asked in [Sha1966, §3]: ”Can one introduce a universal structure of an
infinite-dimensional group in the group of all automorphisms (resp. all birational
automorphisms) of arbitrary algebraic variety?”
The answer, given in [BF2013], is negative, and can again been shown explicitly
for the case of P2. The problem does not come from the infinite dimension but from
the degenerations of birational maps of high degree to maps of smaller degree. Let
us give the following example ([BF2013, Example 3.1]):
Example 2.7. Let Vˆ = P2\{[0 : 1 : 0], [0 : 0 : 1]}, let ρ : Vˆ → Bir(P2) be the
morphism given by
Vˆ × P2 99K Vˆ × P2
([a : b : c], [x : y : z]) 7→ ([a : b : c], [x(ay + bz) : y(ay + cz) : z(ay + cz)])
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and define V ⊆ Bir(P2) to be the image of ρ. The map ρ : Vˆ → V sends the line
L ⊆ Vˆ corresponding to b = c to the identity, and induces a bijection Vˆ \L →
V \{id}.
Remark 2.8. The above map corresponds, on the affine plane where z = 1, to
Vˆ × A2 99K Vˆ × A2,
([a : b : c], (x, y)) 7→
(
[a : b : c], (x · ay+bay+c , y)
)
.
With this example, one can see that the structure of V ⊂ Bir(P2) should be
the quotient of Vˆ → V , i.e. the the quotient of V modulo the equivalence relation
that identifies all points of L [BF2013, Lemma 3.3]. As this line is equivalent to
any other general line, the structure obtained is not the one of an algebraic variety,
or even of an algebraic space. It shows that BirP2 is not representable by an ind-
variety, or even an ind-algebraic space or ind-algebraic stack [BF2013, Proposition
3.4]. We summarise it here:
Theorem 2.9. ([BF2013, Theorem 1]) For each n ≥ 2, there is no structure of
ind-algebraic variety (or algebraic variety) on Bir(Pn), such that morphisms A →
Bir(Pn) correspond to the morphisms of ind-algebraic varieties A→ Bir(Pn).
Despite of this, it could be interesting to study equivalence classes on algebraic
varieties. If the relation is closed and e´tale, one obtains an algebraic space [Art1971,
Definition 2.3]. One could then seek for generalisations of this, by admitting non-
e´tale equivalence relations, like the one induced by the above example. It would
however introduce some pathologies: the local ring at the special point of id ∈ V
corresponds to functions defined on a open set of Vˆ containing L and would then
be the ring of constant functions. This gives rise to the following question:
Question 2.10. Can we enlarge the category of ind-scheme to a ”not too nasty”
category in order to be able to represent the functor BirP2 ? (or BirX in general) ?
Another question would be to determine the varieties X for which BirX can be
represented by an ind-scheme. In particular, the following question arises:
Question 2.11. Is there an algebraic variety X such that BirX can be represented
by an ind-scheme, but not by a group scheme?
2.3. Group structure and Zariski topology on Bir(X). Note that the inverse
map yields an isomorphism of functors from BirX to itself. Similarly, we can define
a functor BirX × BirX , in the same way as for BirX , and then observe that the
composition is a morphism of functors. The notion of families given by BirX is
then compatible with the group structure.
Even if BirX is not representable, we can define a topology on the group Bir(X),
given by this functor. This topology was called Zariski topology by J.-P. Serre in
[Ser2010]:
Definition 2.12. Let X be an algebraic variety. A subset F ⊆ Bir(X) is closed
in the Zariski topology if for any algebraic variety A (or more generally any locally
noetherian algebraic scheme) and any morphism A→ Bir(X) the preimage of F is
closed.
In the case where BirX is represented by an algebraic group, then the above
topology is compatible with the Zariski topology of the algebraic group. Moreover,
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even if Bir(X) is not an algebraic group, then its topology and group structure
behave not so far from algebraic groups. For instance, we can define the Zariski
topology on Bir(X)×Bir(X), using morphisms as above, and check that the compo-
sition law yields a continuous map Bir(X)×Bir(X)→ Bir(X). Moreover, the map
sending an element on its inverse is a homeomorphism Bir(X)→ Bir(X). Similarly,
taking powers, left and right-multiplications and conjugation are homeomorphisms
(see for example [Bla2014, Lemma 2.3]). Using such properties, one can see for
instance that the closure of a subgroup is again a subgroup, and that the closure
of an abelian subgroup (for example a cyclic group) is abelian.
For n ≥ 2, the Zariski topology of Bir(Pn) is not the one of any algebraic variety,
or even ind-variety [BF2013, Theorem 2]. The obstruction follows from the bad
topology of the set V constructed in Example 2.7: it contains a point where all
closed subsets of positive dimension pass through.
However, we can describe the topology of Bir(Pn), using maps of low degree.
Definition 2.13. For each ϕ ∈ Bir(Pn), the degree of ϕ is the degree deg(ϕ) of the
pull-back of a general hyperplane. Equivalently, it is the degree of the polynomial
that define ϕ, when these are taken without common factor.
We define by Bir(Pn)d (respectively by Bir(P
n)≤d) the set of elements of Bir(P
n)
of degree exactly d (respectively of degree ≤ d).
Remark 2.14. We have Bir(Pn)1 = Bir(P
n)≤1 = Aut(P
n).
We can first remark that Bir(Pn)≤d is closed in Bir(P
n) for each d [BF2013,
Corollary 2.8]. This is the semi-continuity of the degree, which was also proved in
[Xie2015, Lemma 4.1] for arbitrary surfaces. Then, the topology of Bir(Pn) can be
deduced from its subsets of bounded degree:
Lemma 2.15. [BF2013, Proposition 2.10] The topology of Bir(Pn) is the inductive
limit topology given by the Zariski topologies of Bir(Pn)≤d, d ∈ N, which are the
quotient topology of πd : Hd → Bir(P
n)≤d, where Hd is an algebraic variety, endowed
with its Zariski topology.
The algebraic varieties Hd are given by (n+1)-uples of homogeneous polynomi-
als of degree d inducing birational maps. The map πd : Hd → Bir(P
n)≤d restricts
then to a bijection on (πd)
−1(Bir(Pn)d), but not on maps of smaller degree, that
can be represented in many different ways in Hd, by multiplying each coordinate
by the same factor. These distinct possible factors are responsible of the fact that
the Zariski topology of Bir(Pn)≤d is not the one of an algebraic variety.
Note that Bir(Pn) is connected for each n [Bla2010], and that Bir(P2)d is con-
nected for d ≤ 6 [BCM2015]. Moreover, Bir(P2) does not contain any closed normal
subgroup [Bla2010], even if it is not simple, viewed as an abstract group [CL2013].
The Zariski topology of Bir(X), for an arbitrary algebraic variety X , it still not
well understood.
2.4. Algebraic subgroups. Studying biregular actions of algebraic groups on al-
gebraic varieties is a very classical subject of algebraic geometry. More generally,
one can study rational actions of algebraic groups. This was done for example in
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[Wei1955, Ros1956]. Using the notion of morphism A → Bir(X) of Definition 2.2,
the algebraic actions and algebraic subgroups of Bir(X) can be naturally defined:
Definition 2.16. Let X be an irreducible algebraic variety and G be an algebraic
group. A birational group action (respectively biregular group action) of G on X
is a morphism G → Bir(X) (respectively G → Aut(X)) which is also a group
homomorphism. The image of this morphism is a subgroup of Bir(X) (respectively
of Aut(X)) which is called algebraic subgroup.
Note that any birational map X 99K Y conjugate birational group actions on X
to birational group actions on Y . This allows sometimes to obtain biregular group
actions:
Theorem 2.17. ([Wei1955, Theorem page 375], [Ros1956, Theorem 1]) Let X
be an irreducible algebraic variety, G be an algebraic group and G → Bir(X) a
birational group action. Then, there exists a birational map X 99K Y , where Y is
another algebraic variety, that conjugates this action to a biregular group action.
In this theorem, we can moreover assume Y to be projective, using equivariant
completions (see [Sum74]). In particular, studying connected rational algebraic
actions on a variety X amounts to study the connected components of the group
scheme Aut(Y ), where Y is a projective algebraic variety Y birational toX . This al-
lows for instance to show that maximal connected subgroups of Bir(P2) are Aut(P2),
Aut(P1 × P1)◦, Aut(Fn), n ≥ 2.
One can characterise the algebraic subgroups of Bir(Pn) only using the Zariski
topology defined in §2.3. These are the closed subgroups of bounded degree:
Theorem 2.18. ([BF2013, Corollary 2.18, Proposition 2.19])
(1) Every algebraic subgroup of Bir(Pn) is closed (for the Zariski topology) and
of bounded degree.
(2) For each closed algebraic subgroup G ⊂ Bir(Pn) of bounded degree, there is a
unique algebraic group structure on G, compatible with the group structure
of Bir(Pn), and such that morphisms A → Bir(Pn) having image in G
correspond to morphisms of algebraic varieties A→ G.
There is also a characterisation of connected algebraic subgroups of Bir(X), for
any irreducible algebraic variety X :
Theorem 2.19. ([Ram1964]) Let X be an irreducible algebraic variety and G ⊂
Aut(X) be a subgroup having the following properties:
(1) (connectedness) For any f ∈ G, there is a morphism A→ Aut(X), where A
is an irreducible algebraic variety, whose image contains f and the identity.
(2) (bounded dimension) There is an integer d such that for any injective mor-
phisms A→ Aut(X) having image contained in G, we have dimA ≤ d.
Then, there is a unique structure of algebraic group on G, compatible with the
group structure of Aut(X), such that morphisms A → Aut(X) having image into
G correspond to morphism of algebraic varieties A→ G.
This nice result gives in particular an algebraic group structure on any algebraic
subgroup of Bir(X) and implies that the Zariski topology induced by Bir(X) is the
Zariski topology of the algebraic group obtained. It also seems that every algebraic
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subgroup of Bir(X) is closed, as stated in [Pop2013a, Pop2013b]. The case of Pn
is given by Theorem 2.18 above but we did not find a proof of this statement for a
general algebraic variety X .
3. Flat families and scheme structure
3.1. The functor BirflatX . Another way of studying (bi)-rational maps between
projective algebraic varieties consists of studying graphs. This was the viewpoint
of [Han1987]. Let us recall the following basic notions:
Definition 3.1. Let X,Y be irreducible algebraic varieties and f : X 99K Y a
rational map. The graph of f is denoted Γf and is the closure of
{(x, f(x)) | x ∈ dom(f)}
in X × Y .
Lemma 3.2. Let X be a locally noetherian scheme, and denote by πi : X×X → X
the i-th projection, for i = 1, 2. Then, the following maps are bijective:
Bir(X) →


irreducible closed subsets Y ⊂ X ×X
such that πi : Y → X, is a birational
morphism, for i = 1, 2.

 ,
f 7→ Γf .
Aut(X) →


irreducible closed subsets Y ⊂ X ×X
such that πi : Y → X, is an
isomorphism, for i = 1, 2.

 ,
f 7→ Γf .
Applying this to BirX(A) (see Definition 2.1), we obtain the following:
Lemma 3.3. Let X be an irreducible algebraic variety and A be a locally noetherian
scheme. We have a bijection
BirX(A) →


irreducible closed subsets Y ⊂ A×X ×X
admitting a dense open subset W ⊂ Y
such that the projectionW → is surjective, and
such that the two projections A×X ×X → A×X
restrict to open immersions W → A×X.


,
f 7→ closure of {(a, x, π2(f(a, x))) | (a, x) ∈ dom(f)}.
Proof. The set BirX(A) corresponds to a subset of Bir(A×X). By Lemma 3.2, this
latter is in bijection with irreducible closed subsets Y ⊂ (A×X)×(A×X) such that
πi : Y → A ×X is a birational morphism, for i = 1, 2. Moreover, f ∈ Bir(A ×X)
is sent onto the closure of {((a, x), f(a, x)) | (a, x) ∈ dom(f)}.
As BirX(A) only consists of A-birational maps, we can forget one copy of A and
obtain the closure of {((a, x), π2(f(a, x))) | (a, x) ∈ dom(f)} in A×X ×X , which
is an irreducible closed subset Y ⊂ A × X × X such that the two projections to
A×X are birational. As before, every such subset provides in turn an A-birational
map of A×X .
A A-birational map f yields an element of BirX(A) if and only if there exist two
open subsets U, V ⊂ A×X , whose projections on A are surjective and such that the
map f induces an isomorphism U → V . Denoting by µ1, µ2 : A×X ×X → A×X
the two projections, the setW = (µ1)
−1(U)∩(µ2)
−2(V ) is an open subset of Y , and
the two projections give isomorphisms µ1 : W → U and µ2 : W → V . Conversely,
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the existence of W and of two open embeddings to A×X yields U and V , and thus
an element of BirX(A). 
Using these bijections, one can define the subfunctor BirflatX of BirX , correspond-
ing to flat families:
Definition 3.4. ([Han1987, Definition 2.1]) Let X be a projective algebraic variety
and A a locally noetherian scheme. A flat family of birational transformations
(resp. of automorphisms) of X over A is a closed subscheme Y ⊂ A×X ×X , flat
over A, such that for each a ∈ A, the fibre Ya is the graph of an element of BirX(a)
(respectively of AutX(a)).
Definition 3.5. Let X be an algebraic variety and A a locally noetherian scheme.
We define BirflatX (A) ⊂ BirX(A) as the set of elements f ∈ BirX(A) such that the
corresponding graph in A ×X ×X (see Lemma 3.3) is a flat family of birational
transformations.
We similarly define AutflatX (A) = Bir
flat
X (A) ∩ AutX(A).
3.2. Representability of BirflatPn . As M. Hanamura explains in [Han1987, Remark
2.10], the advantage of BirflatX over BirX is that it is representable.
Remark 3.6. Recall that Hilb(X×X) is an algebraic scheme (locally noetherian but
with infinitely many components) that represents the functor A → HilbX×X(A),
where
HilbX×X(A) =
{
closed subsets Y ⊂ A×X ×X that are flat over A
}
.
Hence, AutflatX and Bir
flat
X are subfunctors of HilbX×X .
Proposition 3.7 ([Han1987]). Let X be an irreducible algebraic variety. For
each locally noetherian scheme A, AutflatX (A) and Bir
flat
X (A) are open subsets of
HilbX×X(A). Hence, both Aut
flat
X and Bir
flat
X are representable by a scheme.
However, BirflatX has some ”nasty properties”, as M. Hanumara explains : ”It
turns out, however, that the scheme Bir(X) has some nasty properties; it is not a
group scheme in general; even when X and X ′ are birationally equivalent, Bir(X)
and Bir(X ′) may not be isomorphic.” Another problem is that the composition law
Bir(X)×Bir(X)→ Bir(X) is not a morphism in general (see Corollary 3.15). The
essential reason for these ”nasty properties” is that the flatness of the graphs is not
invariant under birational mapsX 99K Y and even under birational transformations
of X .
One example is given in [Han1987, (2.9)], comparing an abelian variety A of
dimension n ≥ 2 and the blow-up A˜→ A at one point. Then, dimBir◦(A) = n but
dimBir◦(A˜) = 0, hence Bir(A) and Bir(A˜) are not isomorphic. Moreover, Bir(A˜) is
not even equi-dimensional. In §3.3, we will describe more precisely the case of Pn.
In the case where char(k) = 0 and where X is a terminal model, it is however
proved in [Han1987] that the scheme obtained has a group scheme structure, com-
patible with the group structure of Bir(X). This has been generalised in [Han1988],
in the case of non-uniruled varieties.
Theorem 3.8. ([Han1988, Theorem 2.1]) Let X be a non-uniruled projective vari-
ety over an algebraically closed field k of characteristic 0, and let us put on Bir(X)
the scheme structure that represents BirflatX (see Proposition 3.7). Then, the follow-
ing hold:
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(1) dimBir(X) ≤ min{dimX, q(X)}, where q(X) denotes the irregularity of a
non-singular model of X.
(2) There exists a projective variety Y (which may be taken non-singular), bira-
tional to X, such that Bir(Y )red has a natural structure of a group scheme,
locally of finite type over k.
(3) Bir(Y )red contains Aut(Y ) as an open and closed group subscheme; Bir
◦(Y )
coincides with Aut◦(Y ) and is an abelian variety.
Theorem 3.9. ([Han1988, Theorem 2.2]) Let X and Y be as in Theorem 3.8.
Then, the following hold:
(1) Let G be a group scheme, locally of finite type over k. Then to give a
birational action of G on X (as in §2.4) is equivalent to a homomorphism
of group schemes G→ Bir(Y )red.
(2) Let Y ′ be another projective variety birational to X with the property that
Bir(Y ′)red is also group scheme. Then, Bir(Y )red and Bir(Y
′)red are iso-
morphic as group schemes.
3.3. The functors BirflatPn . As explained before, the functor Bir
flat
X is representable
by a scheme, for any algebraic variety X (Proposition 3.7). Let us illustrate the
structure that we obtain, in the case where X = Pn. Using the notion of degree
of a birational map of Pn (Definition 2.13), one can define a subfunctor Birdeg
Pn
of
BirPn . For each A we define Bir
deg
X (A) ⊂ BirX(A) as the elements f ∈ BirX(A) such
that the corresponding morphism A→ BirX(A) has constant degree on connected
components of A. Similarly, we can define BirdPn , for each integer d, by taking only
maps of degree d.
Lemma 3.10. Let n ≥ 2 be an integer.
(1) For each d ≥ 1, the functor BirdPn is representable by an algebraic variety.
This gives to the set Bir(Pn)d a natural structure of algebraic variety.
(2) The functor Birdeg
Pn
is representable by an algebraic scheme.
Proof. The first part is the statement of [BF2013, Proposition 2.15(b)]. The second
part follows from the first one, by taking the disjoint union of the Bir(Pn)d. 
Remark 3.11. Note that the structure of algebraic variety of Bir(Pn)d is obtained
by associating to an element
f : Pn 99K Pn
[x0 : · · · : xn] 7→ [f0(x0, . . . , xn) : · · · : fn(x0, . . . , xn)]
its coordinates [f0 : · · · : fn], that lives in the projective space parametrising the
(n+ 1)-uples of polynomials of degree d, up to scalar multiplication (see [BF2013]
or [BCM2015, §1] for more details).
The notion of degree can be generalised: we can associate to any element f ∈
Bir(Pn) a sequence of integers (d1, . . . , dn−1) called multidegree of f in [Pan2000],
[Dolg2012, §7.1.3] (or characters in [ST1968]). By definition, di is equal to the
degree of f−1(Hi), where Hi ⊂ P
n is a general linear subspace of codimension i. In
particular, d1 = deg(f) and dn−1 = deg(f
−1). Another way to see the multidegree
is to observe that the graph Γf ⊂ P
n × Pn is equal, in the chow ring of Pn × Pn,
to
∑n
i=0 dihn−i,i, where hi,j denotes the class of a linear subspace P
i × Pj , where
d0 = dn = 1 and where (d1, . . . , dn−1) is the multidegree of f . See [Pan2000] or
[Dolg2012, §7.1.3] for more details.
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Lemma 3.12. Let n ≥ 2 be an integer.
(1) For each locally noetherian scheme A and each f ∈ BirflatPn (A), the induced
morphism A→ Bir(Pn) has constant multidegree on connected components
of A.
(2) The functor BirflatPn is a subfunctor of Bir
deg
Pn
.
Proof. Let A be a locally noetherian scheme, and let f ∈ BirPn(A), which cor-
responds to a morphism ρf : A → Bir(P
n), and to an irreducible subset Y of
A × Pn × Pn, given by the closure of {(a, x, π2(f(a, x))) | (a, x) ∈ dom(f)} (see
Lemma 3.3). Moreover, π2(f(a, x)) = ρf (a)(x) for each (a, x) ∈ dom(f).
By definition, f ∈ BirflatPn (A) if and only if Y is flat over A and the fibre of each
a ∈ A is the graph of an element of BirX(a).
The flatness of Y overA implies that the classes of the fibres Ya of elements a ∈ A
are locally constant in the chow ring of Pn×Pn, and thus that the multidegree of ρf
is constant on connected components of A. In particular, BirflatPn (A) ⊂ Bir
deg
Pn
(A).

Example 3.13. We choose A = A1 and consider the morphism κ : A → Bir(P2)
given by
κ(t) : [x : y : z] 7→ [−xz + ty2 : yz : z2].
For t 6= 0, κ(t) is a quadratic birational involution of P2, but κ(0) is equal to
the linear automorphism [x : y : z] 7→ [−x : y : z]. As the degree drops, the
corresponding family is not flat over A = A1.
We can observe this by looking at the corresponding graph:
Y =

([x : y : z], [X : Y : Z], t) ∈ A× P2 × P2
∣∣∣∣∣∣
Y z = Zy
Xz2 = Z(−xz + ty2)
Xyz = Y (−xz + ty2)

 .
When t 6= 0, the fibre Yt is the graph of κ(t), which is an irreducible surface in
P2 × P2. When t = 0, the fibre Y0 is the union of the graph of κ(0) and of the
surface given by z = 0, Z = 0.
Example 3.14. We choose again A = A1 and consider the morphism ν : A →
Bir(Pn), given by
ν(t) : [x0 : · · · : xn] 7→
[
1
x0 + txn
:
1
x2
: · · · :
1
xn
]
.
This morphism corresponds to the composition of the standard transformation ν(0)
with a family of automorphism and is thus flat by [Han1987, Proposition 2.5]. We
can also verify this by looking at the corresponding graph and observing that the
fibre of t ∈ A1 is the graph of ν(t).
Corollary 3.15. Putting on Bir(Pn) the scheme structure provided by the repre-
sentability of BirflatPn , the following hold:
(1) The set Bir(Pn)d is open in Bir(P
n), for each d.
(2) For n ≥ 2, the multiplication map Bir(Pn) × Bir(Pn) → Bir(Pn) is not a
morphism: it is not even continuous.
Proof. The part (1) follows from Lemma 3.12(1).
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To see (2), we consider the morphism ν : A1 → Bir(Pn) given in Example 3.14.
Since the family is flat over A1, it corresponds to a morphism of schemes. We then
define
ν′ : A1 → Bir(Pn)
t 7→ ν(t) ◦ ν(0)
which is a morphism in the sense of Definition 2.2, but not a morphism of schemes
as it corresponds to an element of BirPn(A
1) \ BirflatPn (A
1). Indeed, ν′(0) is the
identity, which is of degree 1, but for t 6= 0, the element ν′(t) ∈ Bir(Pn) is the
quadratic transformation
[x0 : · · · : xn] 7→
[
1
1/x0+t/xn
: x1 : · · · : xn
]
= [x0xn : x1(xn + tx0) : · · · : xn(xn + tx0)] .
In particular, ν′ is not continuous, as (ν′)−1(Bir(Pn)1) = {0} is not open, so the
composition map mult : Bir(Pn)× Bir(Pn)→ Bir(Pn) is not continuous. 
We finish this text by comparing the two scheme structures on Bir(Pn) given by
the functors BirflatPn and Bir
deg
Pn
.
Lemma 3.16. The functors BirflatPn and Bir
deg
Pn
are not equal if n ≥ 3.
Proof. If n ≥ 3, we can easily find some families of constant degree but having
inverse of non-constant degree. This shows that the functors BirflatPn and Bir
deg
Pn
are
not equal. Take for example the family of automorphisms of An given by
ξ(t) : (x1, . . . , xn) 7→ (x1 + (x2)
2, x2 + t(x3)
2, x3, . . . , xn),
ξ(t)−1 : (x1, . . . , xn) 7→ (x1 − (x2 − t(x3)
2)2, x2 − t(x3)
2, x3, . . . , xn),
and extend it to a family of birational transformations of Pn. We then find
deg(ξ(t)) = 2, deg(ξ(t)−1) = 4 for each t 6= 0, but deg(ξ(0)) = deg(ξ(0)−1) = 2.

Remark 3.17. It seems to us that BirflatP2 = Bir
deg
P2
. One reason for this is that the
Hilbert polynomial of the graph of an element f ∈ Bir(P2)d is P (x) = x
2(d+ 1) +
3x + 1 (when we view this graph in P8 via the Segre embedding P2 × P2 → P8),
and is then only dependent of degree d.
Question 3.18. Is BirflatPn corresponding to algebraic families with a fixed multi-
degree (on connected components)?
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